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ABSTRACT 

It was shown by Hiscock that the energy-momentum tensor commonly used to model local 
cosmic strings in linearized Einstein gravity can be extended and used in the full theory, 
obtaining a metric in the exterior of the source with the same deficit angle. Here we show 
that this tensor is an exception within a family for which a static solution does not exist 
in full Einstein nor in Brans-Dicke gravity. 
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1. INTRODUCTION 

In a gauge theory, spontaneous symmetry breaking of a complex scalar field leads to 
cylindrical topological defects known as local cosmic strings [1,2]. The gravitational effects 
of such objects are of particular interest since they are considered as possible "seeds" 
for galaxy formation and gravitational lenses. The metric around a local string was first 
calculated by Vilenkin [3] in the linear approximation of general relativity. Local strings are 
characterized by having an energy-momentum tensor whose only non null components are 
= T z z . As linearized Einstein equations are formally analogous to Maxwell equations, 
the exterior solution does not depend on the radial distribution of the source. Hence, a 
Dirac 5 was used to approximate the radial distribution of the energy-momentum tensor 
for a cosmic string along the z axis: 

f; = 5(x)5(y) J T;(x,y) dxdy = 5(x)%)diag(//, 0, 0, //), (1) 

where \i is the linear mass density. Under this assumptions, Vilenkin obtained a spacetime 
metric which is flat but with a deficit angle Aip = 8irG/i, up to first order in G\i (in GUT 
strings G/jl ~ 1CT 6 ). Since this metric has g tt = 1, i.e. the Newtonian potential is null, 
rest particles are not affected by the string. 

Some years later, Hiscock [4], motivated by the possibility of theories which may lead 
to values of G/i closer to one, showed that Vilenkin's results are actually valid to all orders 
in G/i. As a source, he considered a thick cylinder of radius a with uniform tension and 
linear mass density, whose tensor is 

T;(a;, 2/ ) = diag( / i,0,0, / i)^^. (2) 

He solved full Einstein equations in the interior and matched the resulting static metric 
with the vacuum solution for the exterior. 

On the other hand, from the point of view of structure formation it is important to 
determine whether an object interacts with rest particles. Vachaspati and Vilenkin [5,6] 
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obtained a metric with non-null Newtonian potential considering a source whose tensor 
has T/ = T (effective tension) different from T t * = £ (energy per unit length). For this, 
they again considered the approximation of an infinitesimally thin (8— type) source and 
worked within linearized Einstein gravity. Similar results were obtained for such a source 
in linearized Brans-Dicke gravity [7]. 

In the present work we show that the case T* = T z z solved by Hiscock is an exception: 
thick sources with energy-momentum tensor 



do not admit a static solution in full Einstein nor in Brans-Dicke theories of gravitation. 
In (3) F(r) is any distribution function [8] whose integral over the string transverse section 
is equal to unity. In this general case, we can obtain the static metrics for the exterior 
by solving full Einstein and Brans-Dicke vacuum equations for the most general metric 
with cylindrical symmetry. However, we find that static interior solutions do not exist in 
either theories. 

2. GENERAL RELATIVITY 
A. Weak field, 5 source 

Vachaspati and Vilenkin [5] solved the linearized Einstein equations to obtain the metric 
in the exterior of an infinitesimally thin source described by the energy-momentum tensor 



T; = diag(£,0,0,T)F(r) 



(3) 



T, 



V 



diag(£,0,0,T)5(x)%). 



(4) 



They found a solution which in cylindrical coordinates has the form 



ds 2 = [1 + AG(£ 



T) ln(r/r )] dt 2 



[1 



AG(£ + T) ln(r/r )] (dr 2 + r 2 d(p 2 ) 



[1 - AG{£ - T) ln(r/r )] dz 2 



(5) 



3 



where r is a constant of integration. As T ^ £ we have (700 7^ 1 and, differing from the 
case T* = T z z , there is an interaction with rest particles. 

B. Full equations, finite cylindrical source 

We shall start from the most general static metric with cylindrical symmetry [9]: 

ds 2 = e 2(K ' u \dt 2 - dr 2 ) - e- 2U W 2 d V 2 - e 2U dz 2 , (6) 

where K , U and W are r-dependent functions. In terms of these functions, the full Einstein 
equations for the energy-momentum tensor of equation (3) take the form: 



+ K'% - U' 2 = 8nG£F(r) e 2 ^~ u \ 
W W 



(7) 



K>— - U' z = 0, (8) 

K" + U' 2 = 0, (9) 

- V 4- + 2U" + 2U'4- - K" - U' 2 = 8irGTF(r) e^ K ~ u \ (10) 
W W 

where primes denote derivatives with respect to r. In the exterior of the source ( F(r) = ) 
these equations lead to the Weyl vacuum metric which, with our coordinates choice, has 
the form 

ds 2 = r 2d(d-l)( dt 2 _ rfr 2 } _ W 2 r -2d r 2 dcp 2 _ ^2 (n) 

Since in a cylindrically symmetric problem the exterior solution is not independent of the 
interior metric, as it happens in a spherical problem, the integration constants Wo and d 
should be determined by matching both metrics in the boundary. With d = or d = 2 the 
metric (11) becomes Lorentz invariant in the z direction; the case d — is the one solved 
by Hiscock. 

We shall show, however, that a static interior solution does not exist. From (9) and 
(10) we have 

W" W 
- — + 2U" + 2U'— = 8nGT F(r) e 2( ~ K ~ u \ (12) 
W W 



and from (7) and (8) 

- ^ = 8nG£ F(r)e^- U \ (13) 

so that 

W 1 W" (£ - T\ 

U" + U'— = -—(- -)■ (14) 

W 2 W V £ J 1 ; 

The conservation equation [10] 



T q =^(T/y/^)--yf^^T aT = (15) 



± P iff ^ 

yields 

(X' - [/')£ + f 7 '^ = °- ( 16 ) 

Using this equation we can write K' = U'(£ — T)/£ and K" = U"(£ — T)/£, and then 
from (8) and (9) we obtain 

(,-+^)(^H 

In the particular case T = £ these equations are compatible and yield the interior metric 



found by Hiscock [g w = — (a 2 /8nG£) sin 2 (y/8nG£ r / a) ). However, for T ^ £ equations 
(14) and (17) yield W" = 0. If so, equation (13) gives £ = 0, which means that there is 
no string. Hence an interior static solution cannot exist in the full theory. 



3. BRANS-DICKE GRAVITY 

In the framework of present unified theories a scalar field should exist besides the metric of 
the spacetime. Scalar-tensor theories of gravitation would be important when studying the 
early universe, where it is supposed the coupling of the matter to the scalar field could be 
nonnegligible. Topological defects are produced in phase transitions in the early universe, 
so that it seems natural to study them in a scalar-tensor theory of gravitation as that of 
Brans and Dicke [11,12,13]. 
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In Brans-Dicke theory [14,15] matter and nongravitational fields generate a long-range 
scalar field 0, which, together with them, acts as a source of gravitational field. The field 
is a solution of the equation 

-9 9 o-r - o,. , o (lo; 



;<T V=gdx° V dxr J 2u + 3 

where T = 5^T V ^ and is a dimensionless constant; the metric equations replacing those 

of General Relativity are 

1 uj uj 1 1 

R/u, ~ 7>9^ R = 87r ^f + 02^.f^." ~ ^9^u<P, a <P' a + 00,„ ; „ - -g» v <t>£. (19) 



A. Weak field, 5 source 

In the linearized approximation the field is expanded as 
the equations for the metric and are 

uj + 1 



+ f = G^ 1 + f so that 



flg) = SttG - l^^r) + GO,,, D0 = = 



8ttT 



In the Brans-Dicke gauge {h v — 5^ h)^ = G^ jV the perturbation h^ v decouples from 



(20) 



and the equations for the metric take the simple form [16] 

uj + 1 



^ 2uj + 3- 

Solving this equations for the energy-momentum tensor (4) we obtain [7] 



ds 1 



1 + 



8G 



2uj + 3 



[S(u + 2) - T(uj + 1)] ln(r/r ) 



dt 2 



1 - 8G{£ + T)( 



uj + 1 
V 277+3 



ln(r/r ) 



(dr 2 + r 2 d<p 2 ) 



1 - 



8G 



[£{uj + 1) - T(cu + 2)] ln(r/r ) 



2cj + 3 

In the limit — > oo the metric (5) is recovered. If we write 



dz 2 . 



ds 2 = g 00 [dt 2 + Y,9 00 9u(dx 1 ) 2 



i=l 



(21) 



(22) 



and redefine the radial coordinate by 

(1 - 8GS ln(r/r ))r 2 = (1 - 8GS)p 2 , (1 - 8GS ln(r /r ))dr 2 « dp 2 , 

we can put the metric in the form 

ds 2 = (l + J^[£( w + 2)-T(cj + l)]\n(p/p )} x 

x (dt 2 - dp 2 - (1 - 8GS)p 2 d V 2 - [1 - 8G(£ - T) ln(p/p )]rfz 2 ) . (23) 

In a plane perpendicular to the z axis the metric is conformal to one with a deficit angle 
A = 8nGS which does not depend on the Brans-Dicke constant uj. 

B. Full equations, finite cylindrical source 

For the source (3), the Brans-Dicke equations (19) read 

* + (26) 
and the equation (18) for the field takes the form 

- 8 Hl^i) Fir) e2tK - u> ■ (28) 

We shall first find the metric in the exterior of the source by solving these equations for 
vacuum, that is, with F(r) = 0. For this case, we inmediately see that <p = l/G is a 
particular solution of (28) which leads to the equations of general relativity To find the 
general solution we shall subtract equation (24) from (25) to get 

W(p = ar + b. (29) 



Adding (25) and (26) and using (28) we obtain 



K' = c 



while adding (26) and (27), with the use of (28) and (29), we get 



U' = d- 



This yields 



U = din 



ar + b 



W = g{ar + b) n , 



K = cln 
1 



ar + b 
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f 

ar + bf- n , 



(30) 



where a . . . g,n are integration constants; from (24) or (25) the relation c = d(d + 1 — n) + 
\oj(1 — n) 2 + n(n — 1) can be obtained. The resulting metric can therefore be put in the 
form 

ds 2 = r 2d(d-n)+(a,+2n)(n-l) (^2 _ ^2) _ w y(n-d) d( f _ ^2 (3^ 

Choosing n = 1 (which corresponds to <fi = constant) the Weyl metric of equation (11) is 
recovered. 

Now let us study the possibility of obtaining a static solution for the interior of the 
source. From (25), (26) and (28) we obtain 

r ,fW <j)'\ 8nf£ + T- 



K" + K'[—+ , 

1 W <j>) V2c; + 3 



F(r) e 2 ^~ u \ 



(32) 



and from (24) and (27) 



K » _ 2U" + (K' - 2U') + ^ = Svr {^J^j F(r) ^ K ~ u \ 
Now, using the conservation equation (16), equation (33) can be put as 



(33) 



S + T 



_ 87r (^—^-) F{r) e 2(K ~ u \ 



(34) 
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Then, comparing this with equation (32) we find that it should be 



( 



S + T 



) 



2 



= 2u + 3. 



(35) 



Hence, for T ^ £ a static solution would be possible only if 
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(36) 




which corresponds (see reference 14) to G < 0, that is, to a theory in which gravitation is 
repulsive. Hence a static solution for the interior metric cannot exist in Brans-Dicke full 
theory. 

4. DISCUSSION 

Hiscock showed that the deficit angle obtained by Vilenkin [3] within the linear approxi- 
mation of general relativity is correct to all orders in G/i. For this, he used a thick cylinder 
as a source and found an exact interior static solution which he matched with the exterior 
metric. Here we have shown that this procedure cannot be carried out with a more general 
tensor with T t * ^ T z z : in this case there is no static interior solution. 

Tensors of this kind were considered by Vachaspati and Vilenkin [5] when they studied 
the effect of wiggles propagating along a string. They used T v = diag(£, 0, 0, T)S(x)S(y) 
for calculating the exterior metric within linearized Einstein gravity. The energy per unit 
length £ and the effective tension T (fulfilling £T = fi 2 ) are obtained by averaging over 
a distance and a time much greater than the typical wavelength and oscillating period 
of the wiggles. It may be thought, following Hiscock's idea, that a natural extension 
would be to use T v = diag(£, 0, 0, T)F(r) and to find a stationary interior solution; 
this solution would be the time average of the actual time-dependent metric (this implies 
neglecting gravitational radiation). In this picture, F(r) would play the role of a spatial 
distribution obtained as a time average of the radial position of the string; the interior 
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of the source would be the region defined by r less than the maximum amplitude of the 
wiggles. Regardless of the validity of this approximation, it is clear from our analysis that 
the inmediate extension valid for local straight strings cannot be applied in the case of 
wiggly strings. To obtain a solution valid to all orders it may be necessary either to improve 
the approximations made in the energy-momentum tensor or to consider the possibility of 
a time-dependent solution. 
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